Abstract. In this paper we deal with a problem of Pethő related to existence of quartic algebraic integer α for which
is a quadratic algebraic number. By studying rational solutions of certain Diophantine system we prove that there are infinitely many α's such that the corresponding β is quadratic. Moreover, we present a description of quartic numbers α such that the corresponding β is a quadratic real number.
introduction
Buchmann and Pethő [5] found an interesting unit in the number field K = Q(α) with α 7 − 3 = 0 it is as follows 10 + 9α + 8α 2 + 7α 3 + 6α 4 + 5α 5 + 4α 6 .
That is the coordinates (x 0 , . . . , x 6 ) ∈ Z 7 of a solution of the norm form equation N K/Q (x 0 + x 1 α + . . . + x 6 α 6 ) = 1 form an arithmetic progression. In [1] Bérczes and Pethő considered norm form equations (1) N K/Q (x 0 + x 1 α + . . . + x n−1 α n−1 ) = m in x 0 , x 1 , . . . , x n−1 ∈ Z where K = Q(α) is an algebraic number field of degree n and m is a given integer such that x 0 , x 1 , . . . , x n−1 are consecutive terms in an arithmetic progression. They proved that (1) has only finitely many solutions if neither of the following two cases hold:
• α has minimal polynomial of the form [3] studied norm form equations related to Thomas polynomials such that the solutions are coprime integers in arithmetic progression. Bérczes and Pethő [2] considered (1) with m = 1 and α is a root of x n − T, (n ≥ 3, 4 ≤ T ≤ 100). They proved that the norm form equation has no solution in integers which are consecutive elements in an arithmetic progression. In 2010 Pethő [6] collected 15 problems in number theory, Problem 6 is based on the results given in [1] .
Problem (Problem 6 in [6] ). Does there exist infinitely many quartic algebraic integers α such that 4α
The only example mentioned is x 4 +2x 3 +5x 2 +4x+2 such that the corresponding element is a real quadratic number (that is a root of x 2 − 4x + 2). Moreover, Bérczes, Pethő in [1] remarks that there are many solutions if we drop assumption of integrality of α. However, it is not quite clear whether we can find infinitely many such examples and whether we can find precise description of such algebraic numbers. As we will see the problem is equivalent with the study of existence of rational zeros of family of four polynomials in six variables. With the help of Gröbner bases approach we reduce our problem to the study of rational zeros of only one (reducible) polynomial. A careful analysis of the corresponding variety allow us to get 2 infinite families of quartic polynomials defining quartic algebraic integers such that the algebraic number
Unfortunately, in this case we get real quadratic number only in finitely many cases. However, with different look we are able to show that the set of quartic algebraic numbers such that the algebraic number
is quadratic, is contained in a certain set given by (explicit) system of algebraic inequalities.
In particular the following is true: Theorem 1.1. There are infinitely many quartic algebraic integers defined by
is a quadratic algebraic number. Moreover, there are infinitely many quartic algebraic numbers α such that β is real quadratic.
Auxiliary results
We provide two infinite families of quartic polynomials, now we prove that among these polynomials there are infinitely many irreducible ones. Lemma 2.1. Let t ∈ Z. The polynomials defined by
Proof. If there is a linear factor of f 1 , then there is an integral root. Hence we have that 
As in the previous case we compare coefficients to obtain a system of equations 2 − 2s 1 − 4t + 2 = 0, then we have a quadratic polynomial in t with discriminant −8s
Earlier we handled the case with t = 0, if t = 1, then we have 
In order to do that let us note that there is a rational map ϕ :
Using MAGMA we obtain that the rank of Mordell-Weil group is 0 with Tors(E(Q)) = {O, (−2, ±8), (2, 0)}. These torsion points yield affine rational points on the curve C of the following form (0, ±4), (2, ±4). Thus s 1 ∈ {0, 2} and it follows that t = 0, a case considered above. Lemma 2.2. Let t ∈ Z. The polynomials defined by
Proof. The approach we apply here is similar to that used in the proof of the previous lemma, therefore here we only indicate the main steps. First we try to determine linear factors, that we write
We have that s 2 = 2t − s 1 , s 3 = s 2 1 − 2s 1 t + t 2 + 2t + 2 and it remains to deal with the system of equations
The resultant of the two polynomials with respect to s 4 is quadratic in t. The discriminant of this quadratic polynomial is
This expression is negative for all rational s 1 , hence there exists no rational solution in t.
If there are two quadratic factors, then
As in the previous case we compare coefficients to obtain a system of equations
The latter equation can be written as
. Thus we obtain a polynomial equation only in s 1 and t given by (1/4)(−s 4 1 + 4s
The discriminant with respect to s 1 factors as follows
The latter expression is a square only if t = 0 or t = 2, so we do not get new reducible polynomials.
3. proof of theorem 1.1
. From g(β) = 0 we get a degree 6 polynomial for which α is a root. Therefore it is divisible by f (x). Computing the reminder we obtain a cubic polynomial which has to be zero. In SageMath [8] we may compute it as follows var('X,u,v') P.<d,p,q,a,b,c>=PolynomialRing(QQ,6,order='lex') Px.<x>=PolynomialRing(P) w=4*X^4/(X^4-1)-X/(X-1) W=(w^2+p*w+q).numerator() Wrem=Px(W(X=x))%(x^4+a*x^3+b*x^2+c*x+d) Wcoeff=Wrem.coefficients() We obtain the following coefficients
Let us consider the case c = 2b − a. Denote by e 1,c , e 2,c , e 3,c , e 4,c the polynomials obtained by substituting c = 2b − a into e 1 , e 2 , e 3 and e 4 . Let us denote by G c the Gröbner basis for < e 1,c , e 2,c , e 3,c , e 4,c > and compute the ideal
i.e., we eliminate the variables p, q. We get that
The equation (9b − 12a − 3d + 5) 2 − 4(3a − 2) 2 + 48d = 0 defines the curve, say C, defined over Q(a) of genus 0 (in the plane (b, d)). The standard method allows us to find the parametrization of C in the following form
However, with b, d given above and the corresponding c = 2b − a we get
a reducible polynomial. Let us consider the second factor that is With a = 2 and b, c given above we easily compute the values
With p, q given above one can easily check that the discriminant of x 2 + px + q is positive for all t ∈ R (and thus for all t ∈ Q).
Consider the other possibility, that is the equation 4b 2 −4bc−16b+c 2 +4c+20 = 0. We have (2b − c) 2 + 20 = 4(4b − c).
Let u = 2b − c and v = 4b − c. We get that v = . Thus
where u = 4t + 2. Let us denote by e 1 , e 2 , e 3 and e 4 the corresponding polynomials e 1 , e 2 , e 3 and e 4 after the substitution a = 2, b = 2t 2 + 2, c = 4t 2 − 4t + 2. Let G be the Gröbner basis of the ideal < e 1 , e 2 , e 3 , e 4 > with respect to the variables d, p, q over polynomial ring Q[t]. We get that 
It follows from Lemma 2.1 that there are infinitely many irreducible polynomial in this family. By computing the discriminant of the polynomial x 2 + px + q we observe that it has two real roots for t ∈ Q satisfying t ∈ (1 − √ 2/2, 1 + √ 2/2) \ {1}. We computed all integral solutions of the equation F (a, b, c) with −200 ≤ a, b ≤ 200. If a = 2, then we have all solutions provided by the above formulas and we also obtain a = b = c = 2 and d = −7. The corresponding polynomial is reducible, it is (x − 1)(x 3 + 3x 2 + 5x + 7). The remaining solutions are contained in Table 1 All these solutions can be described by the formulas a = 2t, (3)
It follows from Lemma 2.2 that there are infinitely many irreducible polynomial in this family. By computing the discriminant of the polynomial x 2 + px + q we observe that it has two real roots for t ∈ Q satisfying t ∈ (0, 2). 
has no rational roots for all t ∈ Q. However, if t = (2 − s 2 )/(4s), where s ∈ Q \ {0}, then
Let P be the set of prime numbers, S ⊂ P ∪ {∞}, and recall that a rational number r = r 1 /r 2 ∈ Q, gcd(r 1 , r 2 ) = 1, is called S-integral if the set of prime factors of r 2 is a subset of S. The set of S-integers is denoted by Z S .
Although we were unable to prove that there are infinitely many quartic algebraic integers α such that the number β = 4α 4 /(1 − α 4 ) − α/(α − 1) is real quadratic, from our result we can deduce the following: Corollary 3.3. Let S ⊂ P. Then there are infinitely many a, b, c, d ∈ Z S such that for one of the roots of x 4 + ax 3 + bx 2 + cx + d = 0, say α, the number β is real quadratic.
Proof. In order to get the result it is enough to use the parametrization (3) by taking t ∈ Z S satisfying the condition t ∈ (0, 2). Because there are infinitely many such t's we get the result. lying on V . This suggests to look on V as on a quartic curve defined over the rational function field Q(a). We call this curve C. A quick computation in MAGMA [4] reveals that the genus of C is 0. This implies that C is Q(a)-rational curve. Moreover, the existence of Q(a)-rational point on C given by P =
2 + a allows us to compute rational parametrization which is defined over Q(a) as follows
where t ∈ Q and bn i (t), bd i (t) are given by Winkler and Pérez-Díaz [7] . Let us also note that for p, q given above the discriminant of P (x) = x 2 + px + q takes the form
where Q is the rational function, P 2 is the polynomial of degree 2 (with respect to the variable t) with negative discriminant for a ∈ R \ {4} and P 1 (a, t) = (9a 3 − 116a 2 + 524a − 800)t 2 − 24(a − 5)(a − 4) 2 t + 18(a − 4) 3 .
We thus see that the polynomial P (x) will have two real roots iff −aP 1 (a, t) > 0 and Q(a, t) = 0. We observe that if a < 0 then −aP (a, t) is always negative and we get no solutions. Indeed, if a < 0 then P (a, t) need to be positive. However, 9a 3 − 116a 2 + 524a − 800 < 0 and Disc t (P 1 ) = −72(a − 4) 3 (a − 2) 2 a < 0 and thus P 1 (a, t) < 0 for all a, t ∈ R. If a > 0 and a = 4 there are solutions but the analytic expressions are quite complicated. Instead, in Figure 1 , we present a plot of the solutions of the system −aP (a, t) > 0 ∧ Q(a, t) = 0 satisfying (a, t) ∈ [0, 10] × [−10, 10]. In particular, if a ∈ (0, 2) and t ∈ Q we get solutions we are interested in. Unfortunately, we were no able to characterize all pairs (a, t) such that the corresponding polynomial f (x) = x 4 + ax 3 + b(t)x 2 + c(t)x + d(t) is irreducible. It seems that this is rather difficult question. We were trying to use the obtained parametrization to find other integer points on the surface V but without success. If α is not an algebraic integer, then using the above parametrizations we may obtain real quadratic algebraic numbers. Indeed, if α is a root of the polynomial x 4 + ax 3 + bx 2 + cx + d then write β = 
